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PH partially hyperbolic diffeomorphism mM
Es Ea Eu
stable 1 unstable

V
center in between

Aspects topologicalclassification ergodictheory
Es Eu are always removely contestable
Ec Holder continiws

not always integrable
on dem 3 EC has demensan 1
there are always center comes CHED
through every point

DC dynamically coherent f invariantfoliations
tangent to Ecs Ecu

Example of non DC in 1 3 CHHU
to F tons 11 cu another 11CSU

Rosales

Conjecture Ryals 2oon question BonettiWilkinson2005
let f PH transition in M3 Then f is dynamic
coherent and up to finite leaks and leaf
conjugacy f is one of the 3 examples

c Anarosoo T2 2 Skew product 3 timeme
mapAnosarftwLeaf conjugacy this assumes De so there

ace center foliations fig DC are leaf congee



g f ngted there is homeo h sending center folcatui
to center foliation and conjugating theactionoff g
The conjecture has been disproved throughmany

examples Cold
theorem Bonetti Gogolev Potne there are examples
of f PH so that

M admits an Anosov flu
fn not homotopic to identity kn O

f is volume preserving

f is robustly transitive 1 stables ergodic
why does this prove pupl.si conjecture

First property CAnosarflows implies RM has
exponential growth Plante Thurston DX
second properly implies no iterate homotopeck
lol so not leaf conjugate to 3 3rd property
Implies transitive
i

he explain 2 bet examples in M T'S

induced by Dehn twist on S S closed
hypsaface

It geodesic orientableAssume simple
flawshas a closed geodesic of extremely smalllength

A veryshort

we consider derivative of Dehn twist



m L Dd L take unit webs
and unctoedor

proposed f is
a scalarof image

6,42 O

f It oh Ito
Huw disturbs a lot ES contracted

Eu expanded

Aside one can prove DH using cones
Cone about a subbindle Eu

fan Thanatos.ge miatItEIecs
PH can be described

using cones and properties of cones g Gk
Gk

Other containment properties for fs gas cu
imply that g is PH

containment
existence ES Ed

It has ES has fs fu

F It ODI otto
of Et
EYES

what we need is of flow
Dh Ecs In Eudransuasabb

e
is c

s



case

potto Ga
Dh DoItolfu

DhlEa In Ecs
Doit oDhoDoIwl6

condenin Df Ifa c 8
Same thing for other bundles

f is DH
Dd h ehangesmdncueoyhtt6T mafff.kz

changes topology plane
JonenbbTeAlso BGHP Bonetti Gogoleu Hammerhade Pobre

A generalize this to show for any mapping
classyof 5 there is fit's 2 PHB
which endues B m Modes
In parbwlar pseudo Anosur mappingclasses

Remarky PH can be obtained by the
transversalits conditions as above

Also these ideas show that beeng PH
is on C topology

Es la Ecu
d f is the PH Dffes ES MI Ecu

so g close to f satisfies this



by cones properly 9 is also PH
Conchain Being pH is open Can d diffeos

One goal to understand PH in MZ
hyperbolic

We obtain results in the opposite direction

of BGHP
we need Some definitions

Deets CTPAF Topological Anosov Has OIHw
in M3 without stahmans point orbits cs topology
Anosw thou it
ftw lines are et stable Unsbbe

there are 2 dimensional foliations Ff Fu
flu saturated So that

on a leaf of FS cell flowlines are

forward asymptotic and diverge backwards

similarly for Fu in opposite direction

the foliations are topologically transverse

and locally intersect along flowSegment
these properties are

very close to saying Huo
is expansive

topologically hornsverse f Am



Diet DAF Discretzed Anosov flow
Chet f be a PH Then f is a DAF

f there exists a topological Anosurtlow
and thx continuous m M so that

text Tet Cx for all x
generalization of me one map of Anoaottw
Some results

THEOREM A Barthelme Fenley Frankel Potne BFfP

ht f M M be PH and MZ hyperbolic
Suppose that f is dynamically coherent and
homotopic to the identity Then f is
a discretized Anosor Hw

THEOREMII Seifert manifolds CBffP let Mbe
Seifert fibered and4TH not virtually solvable let
f PH m M hemotopic to the idently Then

f is DC and up to finale dude it is DAR

THEOREMIS F Bothe If M3 hyperbolic
has a PH then M3 has an

Anosov thro

whyhomotop.clhehdenkty
First recall that by Perelman geometnabad

hyperbolic manifolds are by far the most



common amongst irreducible 3 manifolds
every sphere bands a ball

If NB is closed hyperbolic then any f
homeo bees an iterate which is homotomit
The identity This is because of Mostar rigidity
says that f is hemotopic to isometry a
finite order

g
also if M is hyperbolic has a nontrivial
Isometry then one can possiblyconstrict

examples start with say PH time one

wrap of Anosor How we µ hyperbolec Litt

H fonde cover and compose liftoff
to a deck translate this PH not

chumotopee to identity
mPH

This leads to statements that are up
to time iterate and funk left
I T T T T

Branching foliations
in general f PH in M3 is notIDC

also in some BGHP examples pseudoAnoto

so no foliations But undercertain
onentability conditions there are branching foliations

this will be the main tool to study
topological theory of pH at leastonthese



H
results

Def A branching foliation of a 3 nihilo
is a collection W of d immersed surfaces
each complete ca ots induced metric suchthat
4 each REM is contained on at least

one leaf
a no leaf crosses itself
Ue different leaves do not cross eachother
W of La are leaves of w and the La
converges to then some subsequence of La
converges to a leaf L with XEL

a Lu crossing

no topological crossing

2
collapse here

Okay
cross section

Internal
crossing of
hot allowed leaves

convergenceM b understood on the compset open topology

Additional good properties

Det A branching foliation W is well approximated

by foliations if there is a set of Eso
accumulating at 0 and a family of factual
foliations Wg with Cl leaves and a familyofcontinuous maps the Ms M So that



3
Cw respect to fixed Riemannian metnd
of the angles between TW Two are E
VL the a distance between he and udentb

is ZEout on each leaf of WE the
map he restricts

to a local diffeomorphism to a leafofWhq maps a leafof tree to a leafof w0th for each leaf Lof W there a a leaf
Ice of Wcc with helle 2L

Ez
W 4,2 we

E

he E Li

Burago Ivanov Jour Modern Dynamics2008
proved the following amazing result

y
no reshetia

theorem BI Lef f be a pH in HP closed
Suppose ES EC EU are orientable and Dt
preserves mentation Then there are f invariant
branching folisitions Wcs Wcw tangent to
ECS ECU that are well approximated bb

foliations

WcsIdeas very few
recall that ES is uniquelyintegrable
Ec is not Unready integrable But



there are integral wives
let t be a small

dome tangenttoEG
ISI result saturateby es ES

Hood saturation is at 1 7 78 HEC
and everywhere

tangent to Ecs

Not remove
of all local surfaces tangent to ECS

through X take the lowest one there's me

Now consider flocal Sch surfaces AT
through every point
there is an order TL

related to him crossing

Then there is a very complicated iterated

construction to put in more and morepatches

Obviously knee start with lowest this
property is preserved by diffeos preserving

ECS and A orientation EUoneatsby
Ofpreservingit

E used E orientable
BI Theorem 7 2 ofAN branching foliation iswtuch is A orientable

is well approximated by flashers



ay
There is a procedure of hood pushing

to separate
use parthms of units Et

some important results from 2 dem theoryof3antis
BE The approximating foliatm does not have

Reds components

NS FaHahm wins Tony

dosed 2 leafnot A Intake
of orientable if no
Reeb components no solidKleenbottle Reebampments

then leaves oaf f are ITT injective

closed tornadoes are notnullhomotopic
WF Reeblest foliation

Rosenberg shined M is irreducible
M with PA is irreducible

These facts imply that SI has no PH IE5251 hasno PH Reeeb

finite MCM has no Ampment

for a while we study f PH homotopic

to the identity Tim is not virtuallysolvable
In particular branching folders of BI

do not have compact leaves
CHHU branching foliations in 13 has

2 l



T2 lewes tangent to cu sa

assume f preserves branching foliatuses cuBI

We have Wcs Wcw

Det good htt let f be hmotopic to identity

A good lift off to A denoted by F is
one that

if I commutes with every deck
transformationZETIM

W Fk a ditch X e k trad
Xouts

this can be obtained for example by
lifting a homotopy to edentts to F

In fact a follows fam e Using fundamental
domain

Leaf spaces of WIS Tutu
Wes has no compact teams

has no S2 P2 leaves because leaesof
WE are so saturated

Reckless fears of TEs are properly
embeddedplanes

by the maps Tie good htt
leaves of Tcs are also properly

embeddedplanes

Further result Analysing proofof thin 22k
BI there are WE so that

I



L
for each leaf of Wes there is 2 Umgoe

leafy of woe so that hehe L

bejeehm between the leaves

Leaf spaces in NY are homeomorphic

Leaf spaces of Reebless foliationswithoutslips
manifolds

Are one dimensional countable buses possibly

Shmply connected Mn Hausdorff

2
take a bonsvenal to F

im
tf not path

to a closed In an R huh homotopic
In an M X

leaf space Je cs I ontol

simply connected again
hooksed N in F

but maybe run Hausdorff

Palmeira shaved IT a Cfdcationof plane XR
topologiedly


