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PARTIALLY HYPERBOLIC DeFFEOS
Ca DIMENSION 3

Dynamical systems study long term behavior
of f X 2 homeomorphism usually X compact
Thurs ft teen

manifold or F
Several aspects

1 iterates of forex and where theyaccumulate
converge2 are there penodic orbits Howmanywhat is the growth of number of periodic orbitswith period Entropy

3 Are there dense orbits Is the diff transhic
union of periodic orbits is dense

eperiodic orbits say a lot about the system
4 study of invariant measures ergodic theory

Fois Hirsch Pugh StrubDef partially hyperbolic diffeomorphism
f Mn M M Riemannian manifold f C

diffeo is partiallyhyperbolicPtT of thereis
a Whitney decomposition anknows

TM Es Ec Eu bundles

ES stable EU unstable E center
which are Df invariant bend Fx EM



t vs c ES VUE EU we c EC 211 of A 11 1
HDfilos s men 21 111740933 Max Ll HDfilvy

L HDficou
vs c Es on E EW ol C E'CxDfEs

is contracting
by compactness

Dfi x is expanding Dfi les es connoting

Es is a contracting subbundle
Eu is an expanding Sobbundle

this is Sometimes called pointwise PH
There is also absolute PH F X B

Tal B I
HDfilos He Is HDfilvedll Bs HDfilouill
no matter which point vs c Esa
Unit creators

A lot of times absolute is Stanger and
produces Stanger resold

Renick using averaging adapted metric one
can assume that 2 1
we assume that

n

Es EU are what is called hyperbolic
bundles ES contracts EU expands

Theoryothyperbolicity integrability ofbundles



Anosov 60S Hirsch PughShub70 s If ES a
stable bundle EU unstable bundle for a diffeomopan

or flw then they are uniquely integrable
no need of pH or both bundles

Integrable means that there is a folczhin
IS dem FS Icm Es Tfs ES ES
And f FS IS f envanaat y T f

This transforms information 1 7
about the tangent bundle
to geometric information in M

Whee simplest case is p is hyperbolicfried
point feel p Dfid has eigenvalues all
I or 21 in size

decd stablemancholdtheoreen Iff M2 diffeo
p hyperbolic fixed point then F local

submanifold 2 of M PE Z stable mfdofp
dim 2 number agenduesel f Z CZ
tf w E Z fncw p Tbf2Ess

n 00 fanfildand d Y is near enoughP
with'eegenabAnd fnly in nbhd of Palen O al

ther y c Z

h



This is a classed result using linear algebra
and analysis in Banach spaces Banach spaces
of graphs of Lipschitz functions frm subspaces

of Tpm use a graph transform Show this
is a contraction and has a Unique fixed
proent not toned

why study DH Because they are
essentially the ones which have robustproperties
For example
theorem Diaz Ryals Ures If g en dem 3
is robustly transitive then either f is Anosov
CDH without EC or PH or what is called f
weekly PH has a demented splitting

ctnoknokeefstutransiigaoft.gs IImesmmammau'T's
of dynamicalsystems

V Anosor has TM ES Eu with

all pphee of PH
by Anosov if f Anosov and transitive then

d is robustly transitive
f is structurally stable nearby h is equivalent

to fFor a long time Anosov were the only examples
of robustly banate Then on 90s examples
of robustly transitive f none Anosov were



constructed these were all DH
theorem Bonetti Diaz Smelcer results f f is
stably ergodic Means ergodic ma d
Nbhd of volume preserving diffeos probability

measuref ergodic fCAI _A MCA l ironcAlzo

Most of the course we will be in dimension
main examples in dimension 3

c perturbations of f linear Anosov diffeo otp
with 3 districteigenvalues 7 72 13

all real Say soHi eigenvector Ni induces fleshier we
our director ifthe bundles tangent to these are Df unainaut

I I 73 21 Vi ES controls
03 EU expanding

72 02 is in between Oz Ee U between

in particular 4 7231 EC is expanding everywhere
d 72 1 Ec is contracting

4 12 1 EC is inianaat of Bize

generalize to higher dimension Tn
71 I 72 E 1a

I strictly 21
betweenother

ones



0.2 0.3 0.7 07,121.2 2,5

2 perturbations of skew products M P ur

simplest M 3 1 2 51 admanifolds

start with g 122 Anosov
say linear with eigenvalues 022 21272

f THS 2 ftp.t gcp hpk
where I all Dhp b 11 72

to unit bettor in verticaldorchiaES X EU Aa EC tangent
to pxS1here at differentpoints we may have

contraction or expannon on EC
dearly yw can generalize to higher dimensions

Thx Tt Anwar w Th
ch TE not as much expannal

anhachai3 patrbatus of time one mass ofAnosurflaes
Del Anosov Hav w Ma

of cure smooth CCD TM Eof TOI Eff
stable te

j unstable
bundle

Fczo 44 invananthy Doit tt
given E ES



DOIT Il E c At civil too
similar for Eu

Eixample of geodesic flu on MIT N

where N is a closed manifold with negative
sectional curvature Anosar Hopf

c margin Ii atangent to herocydes

one goes ES
PH associated to it f OI

ES Esq Ek Ef EITI
one can also do vanable time smooth d
fix oI k text c

this is DH EC IoI but ES EU not
necessarily Esq EYE

Integrability go back to Anosov thou

OI Anosov tM Esq TOI EYE
hyperbolic bundles Esq E integrate uniquely

to foliationstabo
works for flaws

But Anosov proved that



P
Esq TOI uniquely integrate to foliations

a

Eto TOI
as well

In dem 3 is a pair of 2 demenormal foliating
transverse to each other

Go back to f DH es E EU
define Ecs E ES center stable

ECU EC Ew
2 gushers A are Ecs Ecu integrableto

folestras

UniquelyI want

uniquely
finvanat B is EC integrablebatolishin

foliations

In general the answer is NO
There are simple counterexamples in higher

dimension are nilpotent manifolds Wilkinson

The nm integrability in those cases has to dowith
The failure of the Frobenius condition fr

integrability of bundles

ess skkd
we restrict to dimension 3

bundles ES EC EU are one dimensional
integrability is easier to understand

I



locally ES are test vector fields
If E is d then uniquely integrable

of EC is Lipschitz then unigely cutegiske
But in general the bundles are only Hilder
There are rigidity results if one assumes a lot
of differentiability Anosortewshakin
Example in dem2 My plane consoler

differental equation
dy
di By

213

this is Hilder but not Lipschitz

axis is a solution YEO
but so is any cone y to

3 cis

1
a constant

TTT
non uniqueness of solutions even locally through

yw
canApwdva foliations

µ
but also branching foledas more than meane

through a point



translates

these ones

c
intersect but

D0NOTCRos

Det f pH
Cams dimension
is called dynamically coherent

if there are foliations Fes Fah f invariant
Tf Ecs TIM Ecu In partwhere
Fanfan is a foliation f invariant and
integrate EC

Ishim Are all f PH in dem 3 DC

M dem 3 dearEC L through any point
there is an integral come

answer is No befoote EC is continuous
took a long time 2014

THEOREI CHHU Rodriguez Hertz RodriguezHertz Uses
There is f PH on 13 homotopic to skew
product and so that f is not DC
he explain start with linear Anosovdefko

of T2 with eigenvalues 2 Ha oches
let es be vector field uT2 A stable

direction
2 steps D fo T2 XS 2
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vs d Is

attracting to more attracting

E has properties below etiolate I
E 142 t I

O s r s X al µ a 111
contraction more expanses

than Anoser lessthan Anosar
a transverse

picture F
T2

expectati
o

EU same Ea

ES E v

2 ftp.t
TIE

Ap 10107es tog
AES

VIO O MHz O

EN the same ES El change depending
on O

on the S vertical direction the vectorfields
integrate to as follows

collapse



42
apse

i
Ee

S Uniquely
Stable foliation uakgrba

S stable outside
0 112e center one can do this

µµu
so that f is PH

But it is not DC collapse of center
comes

Center cone a cone tangent to EC
Two properties this example has

a tonus tangent to cu 0 81 2
also a Lorusso tangent to so 0 0

these are extremely rare but very bad forPH
notice this example is not tranate
there is a bus that is an attack 10 112

general reference fr PH
arhdf Cranmer Dobie in Rafael Potties
by

holes webpage


